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Summary. In this paper, we present a new time-domain
technique, based on the Newton-Raphson method, for pe-
riodic steady state (PSS) analysis of free-running oscilla-
tors. To find the frequency as an additional unknown, a new
equation is added to the system of equations which is a
combination of a left eigenvector and the time derivative
of the solution. The method is applied to a family of arti-
ficial benchmark problems. It provides better convergence
properties than when using the popular phase-shift condi-
tion. It also does not need additional information about the
solution.

1 Introduction

Autonomous (or free-running) oscillators have no ti-
me-dependent input signal, which means that it is
generally not possible to predict the period T a priori.
Hence to simulate these oscillators numerically one
needs to detect this period T and the corresponding
solution. With T as an additional unknown, we have
to add one additional equation to make the solution
unique. In popular methods a phase-shift condition is
used as the additional equation [1].

This paper presents a Newton-Raphson based me-
thod with a particular additional condition to find the
periodic steady state (PSS) solution of a free-running
oscillator in the time domain. Here generalized eigen-
vectors of the linearized circuit equations and the time
derivative in each time step provide a new robust
gauge equation for the Newton-Raphson equations.
The efficiency of the method is verified through nu-
merical experiments.

2 The autonomous oscillator problem

The PSS problem for autonomous circuits in one over-
all period T is defined as a system of Differential-
Algebraic Equations (DAEs) in the following form,

dq(x)
dt

+ j(x) = 0 ∈ RN , (1)

where x = x(t), x(0) = x(T ), q and j are known func-
tions of x. By transforming the simulation time inter-
val [0 T] to the standard interval [0 1], the unknown

frequency ( f = 1/T ) enters the above equations as a
parameter,

f
dq(x)

dt
+ j(x) = 0. (2)

Taking the f as an extra unknown, we need an extra
equation to complete the system. Usually one requires
the additional condition,

pT x− c = 0, (3)

for some vector p to provide a non-zero value which
makes the phase-shift unique. There are some options
for the phase-shift condition p, but a simple procedure
is to provide the value at a particular coordinate of x.

3 Newton procedure

The discretisation time points t0, t1, ..., and tN include
the boundary points. Thus, t0 = 0, tN = 1, and X =[

x0 · · · xN
]T . The central difference with Simpson’s

rule on the (overlapping) sub-intervals [ti−1, ti+1], for
i = 1, . . . ,N is defined as

Fi = f q(xi+1)−q(xi−1)
2∆t + j(xi−1)+4 j(xi)+ j(xi+1)

6 = 0;
i = 1, ...,N.

(4)

By adding the periodicity requirement as a equation
F0 = x0− xN = 0, as first equation (i = 0), and taking
xN+1 = x1 in the last equation, the vector function F
becomes

F(Xk) =


x0− xN

f (q2−q0)
2∆ t + ( j0+4 j1+ j2)

6
...

f (q1−qN−1)
2∆ t + ( jN−1+4 jN+ j1)

6

 . (5)

Considering (3), the total matrix we have to deal with
is an extended matrix (called a bordered matrix)

Mk =
[

Y k bk

pT δ

]
. (6)

for the Newton iterations of



2

Mk
[

Xk+1−Xk

f k+1− f k

]
=−

[
F(Xk, f k)
pT Xk− c

]
, (7)

in which

Y k =
∂F
∂x

∣∣∣∣
Xk, f k

= f ·C +G , bk =
∂F
∂ f

∣∣∣∣
Xk, f k

. (8)

for suitable matrices C and G , that are composed by
the local Jacobians C and G and the discretisation
stepsizes. Usually δ is equal to zero. In the limit the
matrix Y becomes (nearly) singular. Hence p and b
must be such that M is non-singular.

4 Using generalized eigenvalue methods

A proper dynamic expression within the loops for the
vector p can increase the convergence rate of the New-
ton method. On the other hand, Y is nearly singular
in the limit when the Newton approximations close
to the exact solution. Therefore generalized eigen-
value methods for matrix pencils are good candidates
for obtaining a dynamic vector p and make M non-
singular. These methods give the eigentriples (v,w,λ )
such that [λ f ×C +G ]v = 0 and wT [λ f ×C +G ] =
0 in each Newton iteration. Generalized eigenvalue
methods are provided by the DPA (Dominant Pole
Algorithm) and RQI (Raleigh Quotient Iteration) [2].
Here a combination of these methods is used to ob-
tain a good accuracy and convergence rate. The v and
w have a bi-orthogonality relation with the matrix C ,

wT C v = 1. (9)

Besides, in the limit when the Newton approxima-
tions are close to the exact solution, the right=hand
side eigenvector v for the λ closest to 1 is equal to
dX/dt. Considering this fact in (9), the expression,

wT ∣∣
x=xk ·C ·

dX
dt

∣∣∣∣
x=xk
−1 = 0. (10)

is a good choice as the gauge equation in the Newton
method. To write (10) in the form of pT X − c = 0 an
approximation of dX/dt by X is needed. The spectral
method [3] approximates dX/dt from X with a very
good accuracy in the matrix form of dX/dt = DX .
Note that we always can compare v with x′ for con-
vergence. Additionally we can compare λ fold with f.

5 Numerical Example: Benchmark
oscillator

We illustrate our approach by considering the bench-
mark problem,

∂y
∂ t = z+ ε

(
1−
√

y2 + z2
)

y,
∂ z
∂ t =−y+ ε

(
1−
√

y2 + z2
)

z.
(11)

Starting with an example initial conditions, T0 = 1.1×
(2π), y0(t) = 1.5sin(t +π/4), z0(t) = cos(t), and 100
time grid points, the PSS solutions are obtained us-
ing the old phase-shift condition method and the new
eigenvector condition method. The comparisons of
the methods using the maximum of normalized cor-
rection in each iteration is presented in Fig. 1. The
better convergence behaviour of the new method is
clearly observed. Furthermore, it is shown that the
first method needs some additional information about
x to make a proper phase-shift condition, otherwise it
does not converge.

1 2 3 4 5 6 7 8 9 10

10
−15

10
−10

10
−5

10
0

Number of Iteration

M
ax

. N
or

m
al

ai
ze

d 
C

or
re

ct
io

n

 

 

Using Proper Phase Shift Condition
Using Wrong Phase Shift Condition
Using Generalized Eigenvectors

Fig. 1. Maximum of normalized correction for each itera-
tion when ε = 0.1 for different methods.

6 Conclusion

A new time-domain technique for Newton-Raphson
simulation of a free-running oscillator was presented.
The left eigenvector for the eigenvalue closest to 1 and
the time derivative of the solution provide a robust
gauge equation. It was verified that the new method
has better convergence properties compared to the
popular phase-shift condition method and does not
need additional information about the solution.
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