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Summary. The time evolution of power systems is mod-
eled by a system of differential and algebraic equations. The
variables involved in the system may exhibit different time
scales. In standard numerical time integration methods the
most active variables impose the time step for the whole
system. We present a strategy, which allows the use of dif-
ferent, local time steps over the variables. The partitioning
of the components of the system in different classes of ac-
tivity is based on the topology of the power system.

1 Introduction

Modeling of power systems results in large differenti-
al-algebraic systems. These systems are built from the
equations describing the network, the generators, the
voltage regulators, the speed governors and the dy-
namic shunt loads. All together they form a non-linear
system in semi-explicit form

y′ = f (t,y,z) ,

0 = g(t,y,z) ,
(1)

with initial valuesy(0) = y0 andz(0) = z0, such that
g(t0,y0,z0) = 0. It is assumed that the matrix∂g

∂z is non
singular and therefore system (1) has index one.

Time domain simulation is an important applica-
tion for the dynamic security assessment of power
systems [4]. The components involved in the systems
are known to exhibit a wide range of time scales. To
solve such problems multirate time stepping methods
can be efficient [2, 3, 5]. With such methods different
solution components can be integrated with different
time steps.

2 Multirate time stepping

In this paper it will be assumed that the variables of
the system (1) can be partitioned into fast and slow

y = [yf ast,yslow] and z= [zf ast,zslow] . (2)

Our multirate time stepping strategy can be described
as follows. For a given global time stepτ = tn− tn−1,
we first compute a tentative approximation at the time
leveltn for the both fast and slow variables. We accept

the computed numerical solution for the slow compo-
nents, while for the fast components the computation
is redone with smaller time steps. During this refine-
ment computation the subsystem

y′f ast = f f ast(t,yf ast,zf ast,ω) ,

0 = gf ast(t,yf ast,zf ast,ω)
(3)

is solved, whereω denotes the already computed val-
ues of the slow variables. During the refinement stage,
values at the intermediate time levels of the slow com-
ponents might be needed. These values can be ob-
tained by interpolation.

3 Partitioning Strategy

Partitioning of the variables in slow and fast can be
fixed and given in advance, or it can vary in time and
should be performed automatically during the time in-
tegration process.

In this section we present a strategy for automatic
partitioning of the differential and algebraic variables.
This strategy is based on the local time variation of the
numerical solution of the system and on the topology
of the power system.

We first perform a single step with step sizeτ and
using an error estimator we determine the variables
which do not satisfy the criterion

ei < Tol , (4)

whereei is the estimated local error for the variable
i and Tol is a given tolerance. These variables will
be called fast. To allow for accurate computation of
the fast variables, during the refinement stage, we also
recompute the slow variables which are strongly cou-
pled to the fast ones. The whole set of components for
which refinement is performed is denoted byC . The
algorithm for the construction of the setC is based
on the topology of the power system and is presented
below:

1. All the fast variables are included inC .
2. Fast machines are detected. These are the ma-

chines which contain at least one fast variable.
3. All the variables associated to the fast machines

are included inC .
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4. Fast nodes are detected. These are the connection
nodes of the fast machines and the nodes which
have at least one variable inC .

5. Propagation of the fast nodes is performed. All
the nodes which are located within a given elec-
trical distance to the fast nodes are marked as fast.

6. All the variables associated to the fast nodes are
included inC .

The presented partitioning strategy does not require
much computational effort, since most of the coupling
related computations can be performed once, before
the time domain simulation.

4 A chain test problem

To illustrate the efficiency of the presented multirate
strategy we use a power system composed of a chain
of 100 small subsystems connected by very long lines.
Each subsystem comprises a generator and the corre-
sponding controllers modeled by 30 equations, a step-
up transformer and an impedant load. A schematic il-
lustration of the chain is presented in Figure 1. The re-
sulting system contains 4970 variables, 3089 of which
are algebraic.

Fig. 1. Chain of 100 subsystems.

A short-circuit of 100 ms is performed at the
first high voltage busbar. During the very first sec-
ond, this event strongly affects the beginning of the
chain while the rest of the system remains more or
less constant. The impact of the short-circuit propa-
gates to the neighboring subsystems while being pro-
gressively damped.

As the basic time integration method we use the
mixed Adams-BDF method presented in [1]. The Adams
method is applied to the differential state variables
and provides a reliable detections of unstable situa-
tions. The BDF method is used for the algebraic state
variables, since it less sensitive to the variations in the
algebraic equations than the Adams method.

Table 1 shows the number of function evaluations
and the weightedL2- and infinity-norm errors for the
single-rate and multirate methods. From these results
it is seen that a substantial improvement in number of
function evaluations is obtained. For the single-rate
method, the number of function evaluations is four
times larger. Moreover, the error behavior of the mul-
tirate scheme is very good.
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Fig. 2. Solution for two components.

Figure 2 shows the time points in which the so-
lution for two variables, one fast and one slow, were
computed. It is seen that the time steps used for the
fast variable are much smaller than the ones used for
the slow variable. In this simulation 70 fast variables
were observed.

Table 1. Errors and number of function evaluations.

single-rate multirate

||error||∞ 7.64·10−2 5.28·10−2

||error||L2 4.22·10−5 4.22·10−5

nr func evals 184326 47102

5 Conclusions

In this paper we presented a multirate time stepping
strategy for systems of differential and algebraic equa-
tions resulting from modeling of power systems. The
algorithm for dynamic partitioning of the components
into slow and fast was described. The chain test prob-
lem confirmed that the efficiency of time integration
methods can be significantly improved by using large
time steps for inactive components, without sacrific-
ing accuracy.
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