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Abstract: We discuss a pseudo-random Gaussian simulation technique for the
prediction of stochastic noise phenomena in electronic circuits like oscillators,
mixers and AD converters. Such a technique has to deal with a complex combi-
nation of large-signal non-linear dynamic behaviour and small-signal stochastic
processes. The applicability of the noise reconstructor technique is illustrated
by an example of a relaxation oscillator. The method allows efficient time
integration.

1 INTRODUCTION

An accurate mathematical modelling of the noise sources and the non-linear circuit behaviour
proves to be essential for a reliable prediction of noise effects. Furthermore, in case of
non-linear large-signal behaviour, frequency intermodulation effects have to be taken into
account. Simulation tools for the analysis of noise in dynamic non-linear circuits have
recently become available. We will concentrate on aspects for simulating noise in the time-
domain. Time-domain simulation techniques can be applied to predict noise effects with a
reasonable accuracy.
Quality of noise simulation is achieved by correct modelling of noise sources themselves,
and of the mutual correlation between noise sources and by suppressing aliasing effects.
Time-domain techniques will be based on the utilisation of transient noise sources (using
pseudo-random signals) and an accurate time-domain analysis. Weighing with an ideal
reconstructor ensures an almost ideal noise spectrum. The resulting smooth time signals of
the individual noise sources allow efficient time integration.

2 NOISE MODELLING AND NOISE SIMULATION

A proper noise modelling is indispensible for accurate prediction of the circuit performance
with respect to noise. Several different, more or less complementary, sources of noise can be
identified:

• Interference noise: is related to the disturbance of the circuit by its environment.
Examples are digital-to-analogue cross-talk via the substrate, and the incoupling of
electromagnetic waves generated by external sources. The actual interference noise in
the circuit is fully correlated to the external noise sources.

• Quantization noise: noise due to the digital processing of analogue signals.

• Chaotic noise: small circuit disturbances may result in a relatively large change of
the transient trajectory. However, in practice most circuits will not show (dominant)
chaotic circuit behaviour.
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• Stochastic noise: thermal noise and shot noise (which can not be avoided), flicker
noise and burst noise (which can be reduced by improvement of the IC technology) and
avalanche noise (occurring in Zener diodes and reverse biased base-emitter junctions).

The method described in this paper applies to the simulation of thermal noise and of shot
noise. In practice, the noise power spectrum of these noise sources can be considered band-
limited.

2.1 STOCHASTIC DAE’s

Application of Kirchhoff’s Current and/or Voltage Law in a (modified) Nodal Analysis [11]
yields a Differential-Algebraic Equation (DAE) in the time-domain. For aspects with respect
to the numerical solution of these DAEs we refer to [6, 7]. The inclusion of stochastic terms
in these equations leads to a Stochastic DAE (SDAE). Here one has two choices: direct
integration of the SDAE (complete or after some simplifications), or studying noise as a
perturbation effect on some large time-varying signal. For the complete direct integration
of stochastic ODEs some theory exists [8, 13]. For SDAEs, theory is much less complete.
However, several approaches exist to study these equations as well [5, 10, 16]. In [4] the
linearisation approach is used around a time-varying noiseless large-signal solution. A sim-
ilar approach for cyclostationary noise sources is already used within the simulation of RF
circuits [14, 17].

2.2 PSEUDO-RANDOM TIME-DOMAIN NOISE ANALYSIS

In a joint project of Philips Semiconductors Nijmegen and Twente University [2], a pseudo-
random (Monte-Carlo) time-domain noise analysis functionality has been defined. In this
technique, the stochastic noise current sources are represented by generators which produce
pseudo-random (piecewise-Gaussian) current waveforms with a suitable spectral content.
After appending these noise sources to the circuit, the circuit is simulated in the time-
domain with a sufficiently high accuracy.
Recently, a similar Monte-Carlo noise analysis technique was described in [18] with emphasis
on the construction of ’smooth’ curves from pseudo-random noise samples by digital inter-
polation.
These procedures can be used in so-called modulated-stationary stochastic processes, i.e.
processes where white or ideal noise can be modelled with a time-varying current noise
power density. For instance, thermal noise of a time-varying resistor R(t) can be modelled
using an additional controlled current source

ITh ≈
√

2kT/R(t)Γ∆ (1)

(in which k is the Boltzmann constant and T the absolute temperature). Similarly, shot
noise of a current flowing through a junction (barrier) can be modelled using a current source
with

ISh ≈
√

qI(t)Γ∆ (2)

(in which q is the charge of an electron and I the current through the junction).
In the above cases, Γ∆ is a normalised stochastic process, that may be approximated by the
analogue reconstruction Γ∆(t) from Gaussian values as will be explained in the next section.

2



ECMI 98 Minisymposium on Circuit Simulation

3 TIME-DOMAIN NOISE RECONSTRUCTOR

We introduce a special trns noise source function that facilitates noise simulation within a
Transient Analysis. It allows ‘brute force’ jitter-simulations in oscillators and in PLL’s.
In essence, at a series of equidistant sample points tsn = n∆ts, the new noise function gen-
erates a random pulse based on a Normal distribution with expectation 0 and a specified
standard deviation σ. Each noise function has its own series of sample points and its own
standard deviation. The pulses of different functions are uncorrelated (for all time). Fur-
thermore, correlated noise sources may be constructed by applying the noise function in the
definition of voltage/current controlled sources.
The (adaptive) time-step mechanism is such that each sample point will be met while in-
tegrating. However also at intermediate time points appropriate noise values are needed.
Ordinary linear interpolation implies a discontinuity at the sample points, which results in
a very conservative choice for a new time-step.
Weighing with an ideal reconstructor, i.e. the sinc-function (sinc(x) = sin(x)/x) ensures an
almost ideal spectrum of white noise where more than 99% of the energy is contained in the
bandwidth [0, 1

2∆ts
] where ∆ts is the sample time-step discretisation. This results in smooth

curves and thus in efficient time integration. It also suppresses effects of aliasing.

3.1 DEFINITION OF TRNS FUNCTION

In order to allow the generation of noise at discrete time points a new function trns is defined
that may be used in expressions that define voltage or current sources in an analogue circuit
simulator:

Syntax: trns(<sff>,<bw>)

where

• the (single-sided) spectral frequency density sff =< sff > and (single-sided) spectral
bandwidth β =< bw > are constant during the Transient Analysis (hence they do not
depend on electrical variables and they also do not depend on t).

• sff and β imply the following sample time-step discretisation ∆ts and standard devi-
ation σ

∆ts =
1

2β
, (3)

σ =

√

sff

2∆ts
=

√

sffβ. (4)

Here sff and β may be parameters of electronic device models. Note that by making
sff a separate parameter, the spectral density can be kept to the old value while
varying the bandwidth β (at least for the frequencies within the band). We remark
that the total noise power equals sffβ (actually this is caused by the use of the ideal
reconstructor, see also at subsection 3.3).

• At equidistant sample points tsn = n∆ts, each transient noise function generates a ran-
dom pulse based on a Normal distribution with expectation 0 and a specified standard
deviation σ.
Because the pulses have to be taken into account while integrating, each bandwidth β
imposes an upper bound for the actual time-step ∆t:

∆t ≤ ∆ts. (5)
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Note that typically one may expect that the number of time-steps n ≥ 106.
We restrict the order of integration to 2 in order to prevent damping.

• The pulses of different functions are uncorrelated (for all time). However sources may
become correlated by using the function in expressions that define sources and in which
expressions also electrical variables are used.

• During (implicit) DC-analysis the result of the trns function will be 0 (the DC-
analysis is the steady state analysis that provides the initial circuit solution for the
transient analysis; DC=Direct Current).

3.2 GENERATING RANDOM NORMAL PULSES

The procedure how to generate random normal pulses at tn = n∆ts is well known. In
general this is a two-step process. One starts with assigning an initial seed number ζj

0
to the

j-th noise function. Using a previous seed value ζj
n−1

, standard uniform random generators
generate a new seed number ζj

n and a random number p, with 0 < p ≤ 1. This value p
is transformed to a value p̃ from a normal distribution with spread 1. There are several
algorithms for this that are more or less variants of each other: rational approximations
of the integral of the normal distribution function [1] (formula 26.2.23 on p. 933), or the
Method of Brent [3, 12].

3.2.1 INITIALISATION OF SEEDS

The condition that all trns functions should be uncorrelated in time implies a restriction
on the procedure for the initial seeds ζ. To the j-th trns function we will assign initially a
seed value ζj

0
. During the Transient Analysis a seed-time-profile will be recognised:

ζj
0

⇒ ζj
1

⇒ ζj
2

⇒ ζj
3

⇒ . . .

In order to ensure that different functions are uncorrelated in time we have to require that
no ζj

m will occur in any other seed-time-profile:

∀i, j i 6= j =⇒ ∀m, n ζi
n 6= ζj

m, (6)

because otherwise a time-correlation (delay effect) of noise can be recognised between two
noise functions.
Because we do not know the total number of noise functions in advance it might be convenient
to define the initial seeds ζj

0
by some recursive procedure

ζj
0

= S(ζj−1

0
) (7)

that starts with some initial value ζ0
0 . Here ζ0

0 may be externally defined in order to ensure
results that are reproducable (for instance for benchmarking).
A simple initialisation procedure is provided by defining S by

η
−1 = 1;

for (j = 0; j < M ; j + +) {
srand(ηj−1);

ζj
0

=rand();
ηj =rand();

}

Note that rand() and srand() are available in the standard C-Library <stdlib.h>.
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3.2.2 MULTIPLE SEED MECHANISM

Another solution, that guarantees that all trns functions are uncorrelated in time, is found
by applying procedures that use several seed values. For instance, in [9] a uniform generator
based on three seeds is described. In this case the first seed may be used to identify the trns
function, while the second seed can be used to represent the time level of the evaluation.
Using all three seeds the period length ≈ 288, which can be increased by adding more seeds.
One can also think of making the quality of the generator more dependent on the 2nd and
other seeds than on the 1st.

3.3 IDEAL NOISE RECONSTRUCTOR

An adaptive numerical time integration procedure will require an analog noise signal Γ∆(t)
at time values that may be different from the sample points tsn. For efficient time integration
a smooth time profile is preferred. Hence, a continuation of the random pulses is looked for
that results in such a profile, while it also ensures a flat power density spectrum of Γ∆(t).
In digital signal processing [15], the Sinc function S∆(t) is frequently applied as an ideal
analogue reconstructor to generate from the normal random pulses Nn an analog signal
Γ∆(t) with a smooth profile

Γ∆(t) = σ
∑

n

Nn S∆(t − tn), (8)

S∆(t) =
sin(2πβt)

2πβt
(9)

Indeed, the Sinc function has the nice property that the correlation integral
∫

S∆(t)S∆(t +
τ)dt of S∆ is a Sinc function itself. Using this property one can easily show that also the
autocorrelation of the analog signal Γ∆(t) is a constant times a Sinc function. As a result,
the power density spectrum of Γ∆(t) will be flat within the frequency band [-β, β], and zero

Figure 1: Schematic of a relaxation oscillator. Indicated are the various components con-
tributing to the oscillator phase noise: Maximum output noise/Noise for unit loop gain
(striped); Maximum noise at cross-coupled pair (solid); Noise according to a non-linear
analysis (dotted).
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outside this frequency band. In our case the total noise power equals sffβ.
In practice, we limit the sum in (8) to 21 neighbouring time-values. Note that in an actual
implementation one might save one additional value of the random values of the past, in
order to deal efficiently with an adaptive stepsize mechanism.

4 THE RELAXATION OSCILLATOR EXAMPLE

Next we consider some aspects of a noise analysis of a relaxation oscillator. The design
is based on a low-noise distributed comparator approach. Originally, the oscillator was
designed as part of an integrated Phase Locked Loop (PLL) circuit to be applied for stereo
sound demodulation from 5.5 MHz to baseband. In Figure 1 the schematic is plotted. Here
also the various circuit components with a significant contribution to the oscillator phase
noise are encircled for the various operating points. Here, we limit ourselves to the study of
the effect of noise due to R10 at the emitter of transistor Q9 at the bottom of the circuit.
Figure 2, addresses the transient behaviour of the input noise signal (using a current source
parallel to R10, see also at (1)) and the noisy output signal Vout = V (OUT1) − V (OUT2)
of the relaxation oscillator.
In Figure 3, the results in the frequency-domain show the amplitude density spectra of the
input noise (lower one) and of the output (middle one) signal, and the accumulated power
of the input signal. Also a 1/f2 frequency dependency of the sideband noise power can be
observed near the oscillation frequency.
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Figure 2: The relaxation oscillator: Transient behaviour of the input noise signal and the
noisy output signal.
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Figure 3: The relaxation oscillator: Amplitude spectra of the input and output signals, and
the accumulated power of the input signal. The dB (decibel) corresponds to 10∗log(V 2).

5 CONCLUSION

We discussed a pseudo-random Gaussian simulation technique that can easily be imple-
mented in any analog circuit simulator. The ideal noise reconstructor ensures an almost
ideal noise spectrum, while preserving a smooth time profile which in turn allows for effi-
cient time integration.
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